Abstract Microscale fluid dynamics has received intensive interest due to the emergence of MicroElectro-Mechanical Systems (MEMS) technology. When the mean free path of the gas is comparable to the channel's characteristic dimension, the continuum assumption is no longer valid and a velocity slip may occur at the duct walls. Non-circular cross sections are common channel shapes that can be produced by microfabrication. The non-circular microchannels have extensive practical applications in MEMS. Slip flow in non-circular microchannels has been examined and a simple model is proposed to predict the friction factor and Reynolds product fRe for slip flow in most non-circular microchannels. Through the selection of a characteristic length scale, the square root of crosssectional area, the effect of duct shape has been minimized. The developed model has an accuracy of 10% for most common duct shapes. The developed model may be used to predict mass flow rate and pressure distribution of slip flow in non-circular microchannels. hydraulic diameter = 4A/P E(e) complete elliptical integral of the second kind e eccentricity ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi 
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Fluid flow in microchannels has emerged as an important research area. This has been motivated by their various applications such as medical and biomedical use, computer chips, and chemical separations.
The advent of Micro-Electro-Mechanical Systems (MEMS) has opened up a new research area where non-continuum behavior is important. MEMS are one of the major advances of industrial technologies in the past decades. MEMS refer to devices which have a characteristic length of less than 1 mm but greater than 1 lm, which combine electrical and mechanical components and which are fabricated using integrated circuit fabrication technologies. Micron-size mechanical and biochemical devices are becoming more prevalent both in commercial applications and in scientific research. Microchannels are the fundamental part of microfluidic systems. In addition to connecting different devices, microchannels are also utilized as biochemical reaction chambers, in physical particle separation, in inkjet print heads, in infrared detectors, in diode lasers, in miniature gas chromatographs, or as heat exchangers for cooling computer chips. Understanding the flow characteristics of microchannel flows is very important in determining pressure distribution, heat transfer, and transport properties of the flow. Microchannels can be defined as channels whose characteristic dimensions are from 1 lm to 1 mm. Above 1 mm the flow exhibits behavior which is the same as continuum flows. The non-circular cross sections such as rectangular, elliptic, and trapezoidal, are common channel shapes that may be produced by microfabrication. These cross sections have wide practical applications in MEMS (Ged-elHak 2001; Karniadakis et al. 2005; Nguyen and Wereley 2003) .
The Knudsen number (Kn) relates the molecular mean free path of gas to a characteristic dimension of the duct. Knudsen number is very small for continuum flows. However, for microscale gas flows where the gas mean free path becomes comparable with the characteristic dimension of the duct, the Knudsen number may be greater than 10 -3 . Microchannels with characteristic lengths on the order of 100 lm would produce flows inside the slip regime for gas with a typical mean free path of approximately 100 nm at standard conditions. The slip flow regime to be studied here is classified as 10 -3 < Kn < 10 -1 .
Literature review
Rarefaction effects must be considered in gases in which the molecular mean free path is comparable to the channel's characteristic dimension. The continuum assumption is no longer valid and the gas exhibits noncontinuum effects such as velocity slip and temperature jump at the channel walls. Traditional examples of noncontinuum gas flows in channels include low-density applications such as high-altitude aircraft or vacuum technology. The recent development of microscale fluid systems has motivated great interest in this field of study. Microfluidic systems must take into account noncontinuum effects. There is strong evidence to support the use of Navier-Stokes and energy equations to model the slip flow problem, while the boundary conditions are modified by including velocity slip and temperature jump at the channel walls.
The small length scales commonly encountered in microfluidic devices suggest that rarefaction effects are important. For example, experiments conducted by Pfalher et al. (1990 Pfalher et al. ( , 1991 , Harley et al. (1995) , Choi et al. (1991) , Arkilic et al. (1994 Arkilic et al. ( , 1997 , Wu et al. (1998) , Araki et al. (2000) on the transport of gases in microchannels confirm that continuum analyses are unable to predict flow properties in micro-sized devices. Arkilic et al. (1994 Arkilic et al. ( , 1997 investigated helium flow through microchannels. The microchannels were 52.25 lm wide, 1.33 lm deep, and 7.5 mm long. The results showed that the pressure drop over the channel length was less than the continuum flow results. The friction coefficient was only about 40% of the theoretical values. The significant reduction in the friction coefficient may be due to the slip flow regime, as according to the flow regime classification by Schaaf and Chambre (1958) , the flows studied by Arkilic et al. (1994 Arkilic et al. ( , 1997 are mostly within the slip flow regime, only bordering the transition regime near the outlet. When using the Navier-Stokes equations with a firstorder slip flow boundary condition, the slip model with full tangential momentum accommodation fit the experimental data well. Araki et al. (2000) investigated frictional characteristics of nitrogen and helium flows through three different trapezoidal microchannels whose hydraulic diameter is from 3 to 10 lm. The measured friction factor was smaller than that predicted by the conventional theory. They concluded that this deviation was caused by the rarefaction effects. Liu et al. (1995) has also proved that the solution to the Navier-Stokes equation combined with slip flow boundary conditions show good agreement with the experimental data in microchannel flow. Maurer et al. (2003) conducted experiments for helium and nitrogen flow in 1.14 lm deep 200 lm wide shallow microchannels. Flowrate and pressure drop measurements in the slip and early transition regimes were performed for averaged Knudsen numbers extending up to 0.8 for helium and 0.6 for nitrogen. The authors also provided estimates for second-order effects and found the upper limit of slip flow regime as the averaged Knudsen number equals 0.3 ± 0.1. Aubert and Colin (2001) studied slip flow in rectangular microchannels using the second-order boundary conditions proposed by Deissler (1964) . In a later study, Colin et al. (2004) presented experimental results for nitrogen and helium flows in a series of silicon rectangular microchannels. The authors proposed that the second-order slip flow model is valid for Knudsen numbers up to about 0.25.
A variety of researchers have attempted to develop second-order slip models which can be used in the transition regime. However, there are large variations in the second-order slip coefficient. The lack of a universally accepted second-order slip coefficient is a major problem in extending Navier-Stokes equations into the transition regime (Barber and Emerson 2006) . Muzychka and Yovanovich (2002) developed a simple model for predicting the friction factor Reynolds number product in non-circular ducts for fully developed laminar continuum flow. In this paper, we will show that Muzychka and Yovanovich's approach can be extended to the slip flow regime.
Theoretical analysis
One of the most fundamental problems in fluid dynamics is that of laminar flow in circular and noncircular channels under constant pressure gradient. Upon obtaining the velocity distribution u(x, y) and mean velocity u; the friction factor Reynolds number parameter may be defined using the simple expression denoted in some texts as the Poiseuille number:
The above grouping Po is interpreted as the dimensionless average wall shear. The mean wall shear stress may also be related to the pressure gradient by means of the force balance s ¼ ÀA=Pdp=dz:
Using the method of scale analysis, we examine the momentum equation and consider the various force balance. Considering the force balance between the friction and pressure forces for a long microchannel:
then, the incompressible flow criterion for microchannel flows can be obtained:
where we have employed ideal gas equation of state p = q RT and Kn % Ma/Re and assumed that the flow is isothermal. As the pressure drop is owing to viscous effects and not to any free expansion of the gas, the isothermal assumption should be reasonable. Therefore, in microchannel flows which are dominated by viscous effects, density changes may be significant even though the Mach number is very small. The gas flow through a microchannel can be considered incompressible when the Reynolds number is very low with comparatively high Knudsen numbers or the Knudsen number is small with moderate Reynolds numbers.
Comparing the force scale between friction and inertial forces to obtain the following relation:
This analysis demonstrates that inertial forces are only important for short ducts L + < < 1.
Rectangular ducts
We may now examine the solution for rectangular ducts for slip flow. A schematic diagram of the rectangular cross section is showed in Fig. 1 . When L + > > 1, the continuum flow momentum equation in Cartesian coordinates reduces to the form
The velocity distribution must satisfy the slip boundary condition at the walls. The local slip velocity is proportional to the local velocity gradient normal to the wall. Due to symmetry, the boundary conditions are
where k is the molecular mean free path. The constant r denotes tangential momentum accommodation coefficient, which is usually between 0.87 and 1 (Rohsenow 1961) . The most usual conditions correspond to r% 1; therefore, r may be assumed have a value of unity. The same procedure is valid even if r " 1, defining a modified Knudsen number as Kn * = Kn(2-r)/r. It is convenient to rewrite the momentum equation and the boundary conditions
where e = b/a, the ratio of minor and major axes.
Following Ebert and Sparrow (1965) , using Method of Eigenfunction Expansions, a solution of the velocity may be assumed as follows:
in which the d n are a set of eigenvalues, the X n are a set of functions of x/a, and the cos(d n y/b) are a set of eigenfunctions. This solution satisfies the boundary condition, Eq. 13. Furthermore, substituting the velocity solution into the boundary condition, Eq. 11, we obtain The characteristic length scale in the present analysis is defined as the hydraulic diameter.
Thus,
The eigenvalues, d n , can be obtained from Eq. 18. Finally, the velocity distribution is obtained as follows:
The mean velocity is found by integration of Eq. 19 across the section of the duct
We can define the friction factor and Reynolds product from the above equations
The limit of Eq. 21 corresponds to a parallel-plate channel for e fi 0:
It can also be demonstrated that Eq. 21 reduces to its continuum flow limits as Kn fi 0:
Moreover, the limit of Eq. 23 which corresponds to a parallel-plate channel for e fi 0 is:
The friction factor Reynolds product fRe for slip flow in rectangular microchannels, considering only the first term of the series Eq. 21 gives Examination of the single term solution reveals that the greatest error occurs when Kn = 0.001 and e=1 in slip regime, which gives a fRe value 2.6% above the exact value. Figure 2 shows the normalized Poiseuille number results for rectangular ducts as a function of aspect ratio e and Kn.
The Poiseuille number reduction depends on the geometry of the cross-section. It is convenient that the Poiseuille number results are expressible to good accuracy by the relation
in which a depends on the duct geometry. For the common duct shapes, a = 12 for the parallel plate and a = 8 for the circular tube.
For rectangular ducts, the constants a are derived from a least-square fit of the Poiseuille number results (Fig. 2) . It is found that the maximum error caused by using these constants in Eq. 26 is less than 0.3 %. The error is much smaller and negligible for most cases. The constants a are a function of aspect ratio and the data points are fitted to a simple correlation:
Therefore, using the simple expression Eq. 28, the Poiseuille number results can be easily obtained.
Elliptical ducts
Next, we examine the elliptical duct. A schematic diagram of the elliptic cross section is provided in Fig. 3 . The friction factor Reynolds product fRe for slip flow in elliptical microchannels has been proposed by the authors (2006) . The velocity distribution is: The mean velocity is found by integration of Eq. 29 across the section of the duct
We can define the friction factor Reynolds product from the above equations
The solutions can be obtained using commercially available algebraic software tools, such as Maple. Duan and Muzychka (2006) developed a simple correlation for predicting the Poiseuille number in elliptic microchannels for slip flow:
Annular ducts
A schematic diagram of the annular cross section is pictured in Fig. 4 . Using the similar procedure as for rectangular ducts, it is not difficult to show that the friction factor Reynolds product for an annular duct is as follows:
where r = r i /r o , the dimensionless radius ratio. Morini et al. (2005) numerically studied the velocity distribution in microchannels with trapezoidal (a = 54.74°) and hexagonal (double-trapezoidal) cross-section typical of microchannels. A schematic diagram of the trapezoidal and hexagonal cross-sections is depicted in Fig. 5 . Morini et al. (2005) showed that the normalized Poiseuille number can be expressed as Eq. 26. The appropriate value of a for trapezoidal and double-trapezoidal microchannels was numerically determined and reported for different aspect ratio.
Trapezoidal and other ducts

Modeling
We will now examine the rectangular, elliptical and annular friction factor Reynolds product results as Muzychka and Yovanovich (2002) showed that the square root of cross-sectional area was a more effective characteristic length scale than the hydraulic diameter for non-dimensionalizing the laminar continuum flow data. If the solution for rectangular duct is recast using ffiffiffiffi A p as a characteristic length scale in fRe ffiffiffi A p ; the following relationship is obtained:
considering only the first term of the series gives:
In the limit of Kn fi 0, Eq. 35 reduces to its corresponding continuum flow solution (Muzychka and Yovanovich 2002) :
Furthermore, using the above developed correlation, Eq. 34 can be simplified to facilitate practical application as follows:
The maximum difference between Eq. 34 and Eq. 37 is less than 1%.
If the solutions for elliptical and annular ducts are also recast using ffiffiffiffi A p as a characteristic length scale in fRe ffiffiffi A p ; the following relationships are obtained:
for the elliptic duct, where fRe D h is found from Eqs. 30, 31, and
for the annular duct.
There are three possibilities for characteristic length
and ' ¼ 2bÞ to define Knudsen number. All three length scales have been critically examined in the slip regime over a wide range of duct aspect ratios. It was observed that using ' = D h to define Knudsen number and ' ¼ ffiffiffiffi A p to define Reynolds number succeeded in bringing the dimensionless results closer together for similar ducts, i.e. rectangular and elliptical or trapezoidal. Overall, using ' = D h to define Knudsen number was found to be more effective at collapsing the data in the slip regime over a wide range of duct aspect ratios. For example, fRe ffiffiffi
Yovanovich (2002) showed that the square root of cross-sectional area is more appropriate than the hydraulic diameter for non-dimensionalizing the laminar continuum flow data. Table 3 demonstrates that the same conclusion can be extended to the slip flow regime. Figures 6 and 7 show the solutions fRe ffiffiffi A p as a function of aspect ratio and Knudsen number. As seen in these Figures, the results for the elliptical duct and the rectangular duct come closer together. From these Figures it is seen that the maximum difference which is 7.8% between the values for fRe occur in the limit of e fi 0. The difference is smaller than 1% and negligible for large aspect ratio (e = 0.6~1.0). Therefore, we may use the simpler expression, Eq. 37, to compute values for the elliptical duct. This way, we do not need to use elliptic cylinder coordinates and the complicated solution proposed by the authors (2006), unless greater accuracy is desired.
In addition, from an inspection of the graphs, it is seen that fRe ffiffiffi A p decreases as the Knudsen number increases for the same aspect ratio. The fRe ffiffiffi A p values decrease with an increase of e for the same Kn. Moreover, it is obvious that the pressure gradient for a slip flow is less than the corresponding continuum flow.
The simple expression, Eq. 37, can also be extended to other common geometries. The definition of aspect Muzychka and Yovanovich (2002) is summarized in Table 4 for a number of geometries. The aspect ratio for regular polygons is unity. The aspect ratio for all singly connected ducts is taken as the ratio of the maximum width to maximum length such that 0 < e < 1. For the trapezoid and double-trapezoid ducts, simple expressions can be used to relate the characteristic dimensions of the duct to a width to length ratio. Figure 8 presents the comparison between the proposed model Eq. 37 and the analytical solution of annular ducts Eq. 39. The model predictions are in agreement with analytical solution within 8.7%. Figure 9 demonstrates the comparison between the proposed model Eq. 37 and Morini et al. (2005) numerical data for trapezoidal ducts. It is found that the model predictions agree with Morini et al. numerical data within 6.5%. Figure 10 presents the comparison between the proposed model Eq. 37 and Morini et al. (2005) numerical data for double-trapezoidal ducts. The model predictions are in agreement with Morini et al. numerical data within 1.8%.
It is clear that Eq. 37 characterizes the non-circular microchannel slip flow. The maximum deviation of exact values is less than 10% . The friction factor Reynolds product may be predicted from Eq. 37, provided an appropriate definition of the aspect ratio is chosen. Thus, Muzychka and Yovanovich's approach (2002) may be extended to the slip flow regime.
Mass flow rate and pressure distribution
The mass flow rate in the microchannel is given by using the equation of state, Eq. 37, and fRe ffiffiffi for double-trapezoidal ducts, data from Morini et al. (2005) We can use pKn = p o Kn o since pKn is constant for isothermal flow. Integrating Eq. 40, we obtain
Letting z = L gives:
The continuum flow mass flow rate is given by:
The effect of slip may be illustrated clearly by dividing the slip flow mass flow Eq. 42 by the continuum flow mass flow Eq. 43
It is seen that the rarefaction increases the mass flow and that the effect of rarefaction becomes more significant when the pressure ratio decreases. This could be interpreted as a decrease of the gas viscosity. Combining Eq. 41 and 42, we obtain the expression for pressure distribution in non-circular microchannels: Figure 11 shows the pressure distribution with and without rarefaction predicted by Eq. 45 for different pressure ratios. The pressure distribution exhibits a nonlinear behavior due to the compressibility effect. Pressure drop required is less than that in a conventional channel. The deviations of the pressure distribution from the linear distribution decrease with an increase in Knudsen number. The nonlinearity increases as the pressure ratio increases. The effects of compressibility and rarefaction are opposite as Karniadakis et al. (2005) demonstrated.
In the present analysis for the pressure distribution and mass flow rate, momentum changes are neglected. The effect of the momentum changes will become important when Reynolds number is increased. The effects of momentum changes on pressure distribution and mass flow rate will be discussed in detail in the future work.
Conclusion
This paper investigated slip flow in non-circular microchannels. A simple model was developed for predicting the friction factor Reynolds product in noncircular microchannels for slip flow. The present model took advantage of the selection of a more appropriate characteristic length scale square root of flow area to develop a simple model. The accuracy of the developed model was found to be within 10%, with most data for practical configurations within 5%. As for slip flow no solutions or tabulated data exist for most geometries, this developed model may be used to predict mass flow rate and pressure distribution of slip flow in non-circular microchannels. The developed model could be extended to the early transition regime Fig. 11 The pressure distribution for different pressure ratios
by employing the second-order slip boundary conditions.
